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Abstract

Recently we have revisited the traditional probability density function (PDF) equations for the
velocity and species in turbulent incompressible flows. They are all unclosed due to the appearance of
various conditional means which are modeled empirically. However, we have observed that it is possible
to establish a closed velocity PDF equation and a closed joint velocity and species PDF equation through
conditions derived from the integral form of the Navier-Stokes equations. Although, in theory, the
resulted PDF equations are neither general nor unique, they nevertheless lead to the exact transport
equations for the first moment as well as all higher order moments. We refer these PDF equations as the
conservational PDF equations. This observation is worth further exploration for its validity and CFD
application.

1.0 Introduction

To explore the turbulence modeling employed in the PDF method, we revisited the constructions of
the traditional PDF equations for turbulent velocity and species, which were described by several
researchers in great details, for example, by Pope (Ref. 1). In those constructions, a Delta function (which
is referred as the fine grained PDF) was extensively used, together with a few impressive mathematical
techniques to invoke the Navier-Stoke equations into the identity relationship developed from the Delta
function. Since the entry point for the Navier-Stokes equations was through the “conditional mean”, two
or three conditional means appeared in the velocity PDF equation and additional two conditional means
appeared in the species PDF equation. In these traditional PDF equations, all the conditional means were
considered as unknowns and modeled empirically.

In the present study, we started out by taking the statistical mean directly on the Navier-Stokes
equations to form an integral equation, from which a PDF equation is then constructed. Depending on the
way of taking mean on some particular terms, especially the pressure gradient VP and the molecular
diffusions vV2U;, FV2<Di , the resulted PDF equation can end up with different forms. Briefly speaking,
if we treat, for example, the molecular diffusion term vV?2U; as a separate random variable from U;, then
its mean <v VU, > will be expressed as an integration of the product of the velocity PDF and the
conditional mean, i.e.,

(vvau;) =J'v<v2ui|v> f(V;xt)dv,

where the conditional mean <v VzUiLV> is a new unknown. However, if we take the mean based on the
definition and the commutation rule between mean and differentiation, then we have

<vv2ui>:vv2<ui>=vv2jvi f(V;xt)dv =jv[vi ﬁffJ f(V;xt)dv,
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which is in closed form. The former way will lead to the traditional PDF equations (see Sections 3.3 and
4.2). The latter way will lead to the closed equations for the velocity PDF (see Section 3.4) and the joint
species-velocity PDF (see Section 4.3). Since a sufficient but not necessary condition was involved in
their construction, the resulted PDF equations are neither general nor unique. Nevertheless, we observed
that they can lead to the exact transport equations for not only the first moments (i.e. mean velocity and
species, etc.) but also all higher order moments deduced from the Navier-Stokes equations. This feature is
referred as the conservation of the PDF equations.

Later, we also found that, for the traditional way of utilizing the “fine grained PDF”, all the
conditional means (e.g., <v V2U; |V> , <v V20, |\|1> , etc.) can also be systematically modeled through
similar sufficient condition, hence the traditional PDF equations can be closed exactly as the PDF
equations proposed in the present study. The details are described in the Appendix A.

Section 2.0 introduces the basic definition of probability density function of turbulent velocity,
species, other turbulent quantities and their joint PDF; the relationships between the marginal PDF, the
joint PDF and the conditional PDF; and the relationship between the mean and the conditional mean.
Section 3.0 demonstrates how to construct the velocity PDF equation starting directly from the Navier-
Stokes equations. Section 4.0 demonstrates the construction of the transport equations for the species PDF
and the joint species-velocity PDF.

2.0 PDF of Turbulent Variables
2.1  PDF of Turbulent Velocity fy(V; x,t)

Turbulent velocity U;j(X;,t) is a random vector variable, its probability density function PDF at a
single point (in space and time) is denoted as fy (V; X,t)= fy (V1,V2,V5 5 X1, X2, X3, 1), where
V= (V1 A ,V3) is the sample space coordinates of U;, and X = (X1 , X2, %3 ),t are the location coordinates
and the time. Formally, fy (V; X,t) is a scalar function of V and Xx.t, but its arguments have different
physical meaning and mathematical transformation. The V represents a point in the velocity sample space
(—o<Vj<ow, i=1,2,3)atwhich the probability density fy of U; is defined. The X,t indicate that fy is a
field and a process. It is important to note that V is independent of X and t. The probability density
function fy (V ; X,t) itself is not random and is fully defined at each V for every single point X.t, it is a
differentiable (hence continuous) function of V, X, t. Furthermore, its integration over the whole sample
space V at every single point X,t must be equal to one, because the total probability for all events must be
100 percent, i.e.,

J. I I fU (V13V27V3 ;X13X25X3at)dV1dV2dV3 =1. (1)
Or written as
jfu(\/;x,t)dV:l. )
Where J‘( )dV is an abbreviation of .[ I j () dVidV,dVs. It is also important to note that the

argument V in fy represents ‘V;,V,,V3 * so that fy (V; X,t) is a joint probability density function
fu (V1,V2,V5 ; X,t) of the turbulent velocity components U;,U,,U;3 .

NASA/TM—2010-216368 2



As Pope (Ref. 1) pointed out that, with the PDF fy (V; X,t) , we can define various one-point
statistical properties of the random velocity Uj(X,t), for example, the mean velocity (or the first moment)

(Ui):
(i) = [Vi fu (Vs x.dv (3)

All other higher order moments at any single point of X,t (also referred as one point moments or one
point correlations) can also be defined:

<uiuj>=jviv,- fu (V3 x,0)dV
(uiujuk>=jvivjvk fu (V; x,t)ydV (4)

In particular, the Reynolds stresses <uiu j> defined by the Reynolds decomposition uUj =U; — (Ui> are
fully defined by fy (V; X,1):

(uiuj>:<(ui—<ui>)(uj—<uj>)>=<uiu,-—Ui<uj>—uj<ui>+<ui><uj>> =(UiU;) - UNU;) ©)

Equation (5) indicates that the turbulent kinetic energy K = (uiui >/ 2 is fully defined by the velocity PDF
fu (V; x,t).

2.2 PDF of Turbulent Species fo(\y; X,t)

Turbulent scalar variables, for example, the species ®@j(X,t), i=1,2,---n, are random variables. The
PDF of species is denoted as fq (y; X,t), where y =; is the n-dimensional sample space coordinates of
the species®;. Therefore, fg (w; X,t) is a joint scalar PDF of multi species. Analogous to the turbulent
velocity, the one-point statistical properties of the turbulent species ®; are fully defined by the PDF

fo (W; X, 1) . For example, the mean is written as

<®i>=IWi fo (\|1; x,t)d\p, i=1,2,---,n ©

And the higher order moment as:
<cDi2>=I\|’i2 fo (y; X, 1) dy
(@)= [wifow: x.0)dy

(D1, Dy ) = IWIWZ Y o (y; X,1)dy

(7

In particular, the i species fluctuating intensity <¢ i2>deﬁned by the Reynolds decomposition
¢ =@j —(Dj) is fully defined by fo (y; X, 1),

(o) =((@ (@) =(0F ) (@) (@) ®
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23 Other Turbulent Quantities and Functions of Turbulent Variables

There are several other turbulent quantities, for example, the pressure P, the chemical reaction source
S(®;), the pressure gradient OP/dx; , the velocity gradient VUj, and the higher order derivatives such as
V2U;, V2®;. They may be viewed as other separate random (scalar or vector) variables, in addition to
the turbulent velocity U; and the species @;. We will see later that these “random variables™ often appear
as a “conditional mean” in the traditional PDF equations.

There are two types of quantities: one is the analytical function of the turbulent variables such as
S(dy) = @f@g’ .-+, and the other is the derivatives of the turbulent variables such as V2®; . The quantities
S(®;) and V2®; are both random because @; is random. From the probability theory the statistical
properties of S(®;) and ®; can be determined by the same PDF fq, (y; X,t) . However, the statistical
properties of V2®; is not that straightforward.

2.3.1 Statistical Mean of Analytical Function of Turbulent Variable S(®;)
The statistical mean of S(d;) is defined as

(s@) =[St fo v x.O)dy ©)

where S(v;) is the functional form in the sample space y for S(®;). The function S( ) is the assumed
analytical function.

2.3.2  Statistical Mean of Derivatives of Turbulent Variable 0U;/0x; and &°U; /ox0x;

There are at least two ways to take means on the derivatives of velocity. Let us first use the
commutation rule (Section 3.1) to express the following means:

(VU =V(U1) =V [Vi Ty (Vi x.haV = [v —afug/; XY gy

7 (10)

(vaui)=v Ry Vix g,
OXjOXj

Hence, the mean of derivatives can be determined by the derivatives of the PDF of turbulent variable.

Equation (10) can be further expressed as

(VU;) :I(;ﬁ ?;UJ]CU(V X, t)dV
J

V; 02f
<v2ui > = j{ﬁﬁj fu (V; x,t)dV

or

)= Djvi) fu (v x,ydv

(11)
(vau;) jL(V,)fU V: x,t)dV

where D;j(V;) and L(V;) are defined as
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Vi ofy (V; x,1)
fu (V; x,t) OXj
Vi 0% fy (V5 x,b)
fu (V; x,t) OXjOX

Dj(Vi)=
(12)
L(Vi) =

Analogy to Equation (9), we may view Dj(V;) and L(V;) as the functional forms of VU;j and V2Uj in the
sample space V.

Another way to take mean on the derivatives of velocity is to view them as some different random
variables from the velocity; hence it will involve the joint PDF or the condition means of the velocity
derivatives. This will be described in the next Section, where the relationships between the conditional
means and the functions Dj(V;), L(V;) will be revealed.

2.4 Joint PDF

2.4.1 Joint PDF and Marginal PDF

The Navier-Stokes equations contain several random variables, for example, the velocity U;, the
pressure P (or the pressure gradient VP) and the molecular diffusion v V2U; . The scalar transport
equations contain the velocity U;, the species ®; and its molecular diffusion I'V2®; . Hence a joint PDF
for the joint variables of U;, ®;, P, V2U; = Yi, V20; =L%i ,..., ie. fu.opw0MV,Wp, V12 x,t),
may be needed in the analysis together with the marginal PDF, such as fy (V; X,t), fg(w; X,t), and the
joint PDF of fy ¢ (V,W; X,t). The arguments p, IY,1? are the sample space variables of P, V2U; and
V2®; , respectively.

By definition, PDF must satisfy the normalization condition:

[TT1] fo0pw .0 Vow, p 1Y, 195 x,)dVdydpdiVdI® =1 (13)

The relationship between the joint PDF f|, DP.LY L0 V,y, p,IY,1?; x,t) and the marginal PDF
fu (Vs x.b), fo(w; x,t), fp(p; X1, fu(Y;xt) flo(I?;x,t) are defined as

fu(Vix0 = [[[[fuepwo®wp 1,1 x ) dydpdVdI®

fo (W X0 = [ [ [ [ Ty p.p.10 10 V.0, p,1Y,1%; x,t)dVdpdIV I ®

(P X0 = [ [[[ Ty 0p.w 10 V.w, P 1Y, 19; X, D) dVdydIVdI® (14)
fu (IV; 1) =”” fu.o.p.0 10 V., p, 1Y,19; x,t)dVdydpdI @

flo (19 X, 1) :”” f.o.p.0 1o V., p, 1Y,19; x,t)dVdydpdIY

This is clearly required by the normalization condition for any type of PDF, including the marginal and

joint PDF. With this basic concept, we can obtain various relationships between different joint PDF, for
example, the joint PDF of U; and @; can be defined as

fUo® W X0 =[]y 0pwieVwp 1Y% xH)dpdVdI® (15)
It should be noted from Equations (13) and (14) that the statistical mean of a random variable can be

equally define by either the joint PDF or its marginal PDF, for example,
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U =[[]Vify op.w 0V v p19,1% x,H)dVdydpdiVdl®
=[v (”” fUopw oV, p 1Y, 19 x,t)d\pddeUdI‘D)dV (16)
=jvi fu (V3 x,1)dV

(@)= [[[[[vifo0p.w 10 V.v.p.1V.19; x HydVdydpdiVdl®
:J.\Vi (”” fu.op.w oV, p1Y,12; x,t)dVddeUqu’)dw (17)

= [wi fo(y; x.Hdy

(ug,—):j””viw,- f.o.p.10 10 (Vo p, 1V, 125 x,H)dVdydpdIV dI®
=[PV ([ ] fuop.0 .00 O, .1V 1%; x,DdpdIV I JdVdy (18)

= [[Vivi fuo Vv x.0dVdy

Equations (16), (17) and (18) indicate that taking mean of a random variable only needs the relevant
marginal PDF or the relevant joint PDF.

2.4.2 Conditional PDF and Conditional Mean

Let us examine an expression:
[Vi fuo(Vws x,Hav (19)

which is taking mean on the random variable U; at a fixed v, i.e. ®@; =vy;. If we define the ratio of the
joint PDF to the marginal PDF as

fU d)(Va\I/; Xat)
fuloV|y; X,t) =———— (20)
ufo fo (3 .1
Then the expression (19) can be written as
[Vi fu oV ws DAV = fo (w; X,t)-fVi fujo (V]w; x,0) AV, ol

= fo (y; X,0)-(Uj|w)

Where <Ui |W> is an abbreviation of <Ui |d) = W> and is referred to as the conditional mean of U; on the
condition of ®; =y;j:

(Uilw) = Vi fujo (Vs x.tydv (22)

And fy @ (\Y |l|l; X,1) is referred to as the conditional PDF of U; on the condition of ®; =v;, which
satisfies the normalization condition because of the definition (20):

[ 00V |ws x.dv =1 (23)
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Similarly, the conditional mean of the random pressure P(X,t) on the condition of U;j =V; is denoted as

<P(X,t) V> or <P V > and the corresponding conditional PDF is denoted as

fq),p, Y LU (y,p, IY,1? [\/ ,5 X,t), then we may naturally write

(POCONY=[[[[ P fop 1oy (v, p,1V,19N ;. H)dy dpdIVdI®

(24)
=[P fou (pV : x.tydp
The above conditional PDF is defined as
f U L‘D(V’W’ p,IU,Id);X,t)
f IV 10N x =L 25
o.p,WW oy (W, P \% ) LV XD (25)
or
fupV,p;Xxt)
f X )= 26
o PV X025 i .

In Equations (24) and (25), the sample space variables y, 1Y, 1? are irrelevant.

2.4.3 Relationship Between Unconditional Mean and Conditional Mean

It should be noted from Equation (24) that a conditional mean is a function of the sample space
variable that has been excluded from the process of conditional mean (e.g., V; in this case). Obviously,
<P|V> is a function of sample space variable V;, and taking ‘mean’ on <P|V> over the sample space V;
will lead to its unconditional mean (or just mean) pressure <P> , which is a function of X;,1t.:

[(PV) fu v s x,0av = ([ p fou (BIV s x,Ddp) fu (v 5 x, DV,
=[[pfup(v,p:x.Hdvdp
=(P)
Or vice versa,

(P):” pfupV,p; x,t)dVdp:I fu (Vs x,H(P(x,]V )dV 27)

Equation (27) is a general formula for two or more different random variables (P and U; in this case)
involved in the conditional mean of one random variable (P in this case).

Now, following Equation (27), we may straightforwardly express the means of the derivatives of
turbulent velocity VU; , V2U; as

(VU;) =jfu(v;x,t)<vui|v>dv

<vzui>=j fy (V: X,t)<V2Ui|V>dv (28)

Comparing Equation (28) with Equation (11), a sufficient (but not necessary) condition for this identity is

NASA/TM—2010-216368 7



V) =Dyvp =Y du
(VUilv) =0 =320
Vi V2f 9
(Vi) = Lv) ===
fu

Equation (29) indicates the relationship between the conditional means and functions Dj(V;), L(V;). Itis
noted here that these equations can also be derived by using the fine grained PDF through similar
sufficient condition (see Appendix A: Equations (100) and (103)).

For the mean of pressure gradient <8P(Xi 20/ 8Xi> , following Equation (27), we may write

< >jfu<v t)<apg:"t)

>dV (30)

In the past, the conditional mean of the pressure gradient in Equation (30) has been considered as an
unknown quantity even if P = P (U) was assumed. This conditional mean, like the other conditional mean
<V2Ui ‘V> , is actually carried by the traditional velocity PDF equation and is modeled empirically. Now,
if we use the rule of commutation and take the mean on the pressure gradient (assuming that

P(x,t) =PU (x,1)), or P(x,t) =PU(X,1), X,t) ), we may write

P\ o
<a_xi>_ax. aXIJ.P(V)fU(V x,t) dV

ja (POV) Ty (Vs x,0)) dV

(31)

= RECE\DLTRFIVANRTY

fU 8xi
=[RIV) fy (Vi x,bydv
Here, P(V) is dependent on X,t in general and Pig (V) is defined as
1 o[PV)fy]

pY - 32
(V) L o (32)

Comparing Equations (30) and (31), and using a similar argument that leads to Equation (29), we obtain a
relationship between the conditional mean and the function Pig V):

v> PI(V)=—o APMfu] (33)

fu OXi

OP(Xi,t)
OX;

It is noted here that this equation can also be derived by using the fine grained PDF through the similar
sufficient condition (see Appendix A: Eq. (104))

Now let us look at the mean of the product U - @, i.e. <Ui CDn> . By definition we may write

NASA/TM—2010-216368 8



(Ui0n) = [ wa([Vifu .0 V. x00V ) dy

(34)
=f v fo (w: X.H)(Ui|w)dy

or

(Ui 0n) = [Vi([wafu.0 V. X0y v

(35)
= [Vi fu (Vs .0 (@4 |V )V

Equations (34) and (35) illustrate that, when taking joint mean, the joint PDF must be used to avoid the
appearance of the conditional mean. The conditional mean <Ui |w> is also carried by the current
traditional species PDF equation.
Finally, let us examine the mean and the conditional mean of a function of the variables @;, say
S(D;D,---Dy), on the condition of ® =y . Let us first view S(D;D,--- D)) as a separate random
variable with the sample space variable s which is independent of y, then, following Equation (27), we
write the mean as

(S(@1Dy D))= [ fo (w3 X, (S(@1Dy-- D) )y (36)
The conditional mean in (36) is

(S(@10; - ®p)|w) = [S(w1wa -+ wn) fejo (s|w; X, 1) ds
=S(W1v2--vn) [ fsjo (s]ws x,ds (37)
=S(y1y2*Wn)

Then Equation (36) will end up an expression that is just the definition of its mean:
(S@ 1@+ D) = [S(W1ya-+wn) fo (: X,y (38)

This term is related to the chemical reaction rate in the traditional species PDF equation, which is in a
closed form. Also note that the reason for the conditional mean of S(®;®,---®,) in Equation (36)
becoming free from the constraint is that S(®;D,--- D)) is a known function of ®; without involving
spatial differentiation.

2.44 Summary

2441 Formulations With the Conditional Mean

<v2ui>=j fu (V3 %,t) <v2ui\v>dv (39)
(VP)= f fu (Vi x,t) (VPV )dv (40)
(v20;) = [ fo (ws x,0) (V201 ) dy (41)
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(Si(@1Dy+-p) = [ fo (w5 1) (Sifw)dy (42)

(Ui @n) = [ wn fo (s x.0(Uilw) dy (43)

The conditional means (except the one in Eq. (42)) are all considered as unknowns in the traditional PDF
equations.

2.4.4.2 Formulations Without the Conditional Mean
<v2ui>=jvi V2f, (V; x,t) dV
or (44)

(V2U) = [LO) fu (VX aV,  Lov)= V'Tufu

<§7P> =[S [P fu Vi ] oV
or (43)

<%>:.[F19(V)fu(\/;x,t)dv, pg(\,)_ M

fu OXi

<qu)i>zj\,,i V2 1o (y; X, dy
or (46)

(V20) = JLwi) fo(uixdy, Ly =Yirte
fo
(81 (@10 = [ for(ws X,OSi(wrva -+ wn)dy (47)

(Ui @n)= [ [Vi v fu oV, w; x,0dVdy (48)

These equations are exact and have no unknowns other than the PDFs fy, fg and fy ¢ . The functions
L(Vj), L(yj) and Pg (V) are all well defined by the corresponding PDF, and the function P(V) is
assumed as known and will be defined later (Section 3.4, Equation (68)).

3.0 Transport Equation for Turbulent Velocity PDF fy(V; x,t)

3.1 Mean and Differentiation Commutation

It is important to note the commutation property of taking mean and differentiation, that is

<§>=%’ <Gi;i>:aa<xi>’ <8x?;Xi>:2;<GXi>’

(49)
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These commutation properties have been shown in several text books, for example by Pope (Ref. 1),
Tennekes and Lumley (Ref. 2). For example,

<8U(x,t)>:< - U(X+Axi,t)—U(x,t)>= - (Ux+ax,0) ~(Ux,D) _ a{U(x.b)

(50)
oX; A% —0 AX; A% —0 AX OX;

where U =(U1,U2,U3) .

3.2 Taking Mean on Navier-Stokes Equations

Apply the mean operation on the Navier-Stokes equations for incompressible flow, i.e.

i 0UjU;
%+#=—l£+vV2Ui ] (51)
ot an p OX;

Using the commutation rule, Equation (49), each term in Equation (51) can be expressed as follows,

N\ AU
<%>:MZ§IVI fU (\/,X,t)dV

ot ot (52)
= .[Vi [% fu (V; X,t)} dv Note, V; is independent of X; and t
Similarly,
ou;uU j 0
=—|Vi V: f ; X, t)dv
<8Xj > an'[l JU(V )
(33)

0
:J.Vi |:Vj a fU (\/; X,t):|dV

mean, i.e., via Equation (40):
—V Ny dv;
6V
0 1 0P
Vi f X ————
I EVZ [ u(Vix )< 0 X
Note that the following term in Equation (54) is zero (Pope (Ref. 1) or see Appendix B):

1P 1P 10P
<_56_> jfu(v xt)< o >dV jfu(v xt)< oo
V>Jdv jv{ {fu(v t)<—lfv>ﬂdv (54)
j Vi p OXj
8 1 0P
Jav (v, fu (V3 X t)<—587 >Jdvi=0 (55)

Taking mean on the pressure gradient term can proceed in two different ways. One is with the conditional
1
j vi| 2| gy vixn( =22 ) | |av Note, i 5ij
p OXj i oV i
]
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The other way without the appearance of the conditional mean is via Equation (45)

10P 1 oV
—— 2 V=[P (V) fy (V; x,H)—L dV
< paxi> pj Wiy

=_%ja\a/ (Vi PEOV) Ty (v xt))dV+—jv, (Pg(V)fU(V xp)dv  (56)

9
jv —[ (V)fU(V;x,t)J dv
p

ov

Note that (see Appendix B): —1ji(vi Pjg V) fu(V; X,t)) dVv =0.
P 5Vj

Finally, taking mean on the molecular diffusion term, one way with the conditional mean is via
Equation (39),

(vvau;) J.fu(\/ xt)<vV2U \v>dv J.fU(V xt)<vv2uj\v> 'dV

oV

—jvi {ai\;j( fu(V; X,t)<vV2Uj‘V>)}dV

- = 0 (v fu(V; xt)< vquM)dv jv-—(fu(v xt)< vzu,\v>) Vo (57)
J

Note that (see Appendix B): I a—\a/_(Vi fu (V; X,t)<v VU j ‘V >)dV =0.
J

The other way without the conditional mean is via Equation (44),
oV
2 ) = _ . OVi
(vv U.>_ijo/,) fu (V; x,t)avj av
0
Zvjav (Vi L(vi) fu (Vs x, ) dV = vjv Lo/J)fU(v x,0))dV (58)

jv vL(VJ)fU(V x,1)) |dv

Note that (see Appendix B): vj%(vi L(Vj) fu (Vs X,t))dV =0.
j
33 Traditional Velocity PDF Equation

Now substituting Equations (52), (53), (54), (57) into Equation (51) and collecting the terms factored
by Vi, a sufficient but not necessary condition for satisfying the integral equation is that the factored, total

integrand is zero. Thus, a transport equation for the turbulent velocity PDF fy (V; X,t) is constructed:
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Ay o (1P
ot ox oV P X

V>J —a%(fu < v2ui|v>) (59)

If the pressure term is decomposed into the mean and fluctuating parts, P = <P> +P

o((PY+P' o(P '
rep N _fralPeP N\ 1a(r) [1er, )
p OX; p o OX p OXi p OXi
Then Equation (59) can be written as
My |y 1 oP)aly o fy <vv2ui\v>— 1Pl (61)
ot aXi p 0% aVi oV p OX

Equation (61) is exactly the same as the traditional velocity PDF equation (Pope (Ref. 1)). The mean
pressure in Equation (61) is considered as a known quantity through its Poisson equation. However, the
last two terms with the conditional mean were considered as unknown and modeled empirically. Using

the following identity relations (Pope (Ref. 1)):
, O0U
\Y, (62)
OX

fu (V' x,t)<2—jv>=ai;i( fu (V; x,t)<P'|V>)+6%( fu (Vs x,t)< i

1 J

0 2
v, [fU(V X t)<v2uj\v>] avaavk[ fuvsx )< i aalj(.k

v>]—v2fu (V; x,1) (63)

Equation (61) can be rewritten as

LTV TR Y <> P
at X o 0% OV, ax.av

au : ou
1 X Vi fu i Hily (64)
i) av oV ax, i j

OXy  OX
Now we have three unknown terms in Equation (64) that were modeled empirically (Pope (Ref. 1)).

3.4  Conservational Velocity PDF Equation

Alternatively, collecting the terms factored by V; from (52), (53), (56) and (58), and following the
same procedure that leads to Equation (61), we obtain a closed velocity PDF transport equation:

f f P’
GRSV a\,{ ;V) ] (65)

ot P ox. oV,

]

Here L(V;) and Pjg (V) are known functions:
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Vi V21iy 1 o[PV)fy]
(Vj) fU ] (V) fU aXJ ( )
In order to determine P(V), we first take mean on the Poisson equation
02U;U; 02(UjU ;
Lgop__HiY0 . or lv2<p>=_M (67)
p OX;OX i p OX;OX i
By the definition of the mean, we may write Equation (67) as
lv2jp(\/)fu(\/;x,t)o|v= Vi fu (Vi xhav
p
or
021y (V; x,1)
—[V2(PV) Ty (V5 x,1)) ViV —2—2 2 gV
j W) fy Vs x0)dv =- v
By equating the integrands on both sides (again, this is a sufficient condition for satisfying the above
integral equation), we obtain a model equation for P(V):
lv2[P(\/)fU]=—v-v-ﬂ (68)
p 't OXiOX

Therefore we have constructed a velocity PDF Equation (65) that does not need extra turbulence
modeling.

Using Equation (65), it is easy to show that the exact equations for the first moment and higher order
moments of the Navier-Stokes equations can be deduced by multiplying the Equation (65) with V; and
Vi V; respectively and integrating over the velocity sample space V. For example,

P
jvivj My oy M __ 0 (VL) fu )+ k(V) v
ot OXk OV aVk P

The left two terms become

a(uu;) . a(UiU Uy
ot X

b

and the first term on the right hand side is,

0 oViVj
—J'v,v,av (VL) fy )d j vvjvl_(vk)fu)dv+jv|_(vk)fU v v

j( |_(v,-)vi fu +vLV)Vfy )av
=v(U;j VU +U; V2U;)
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0

Note that (see Appendix B): —IW(Vi VjvL(Vi) fy )dv =0.
k

Similarly, the second term on the right hand side is
9
Ivv 0 RV L lav=—L{u, & u-@
Vk o] 8] OX i 8X|

Therefore we obtain the exact equation for the second moment <U iU j > :

o(UiU ; o(U;u;u
U ‘>+ (UYUe) 6Py +v(UiV2U +U;V2U;) (69)
ot OX p OXj OX;
4.0 Transport Equation for Turbulent Species PDF fo(y; X,t)
4.1 Taking Mean on Species Equation
Taking mean on the transport equation for species @;
<6(I)i a(Din
—_— + _—

= TV20; + si(q>1c1>2mq>n)> (70)
ot an

The first term on the L.H.S. of (70) can be written as

o(Dj
%?U (vifu.0 Vv x.0)aVay= i ([ fu 0 (V. ws x.03V )dy
(71)
0
ZJWi {E fo (w; x,t)}dw
Equation (71) involves a marginal PDF fg, . We can also write this term using the joint PDF fy ¢ :
o(®j) o
%}j [(wifu .oV, x,0)dvdy
(72)
=[Jwi [ .oV, X t))}dde
The second term on the L.H.S. of (70) can also be formed in two ways:
o( DU
o) _ Hw.v .o (V. w; X, dVdy
OX;j J
(73)

:IWi {% fo(W; x,t)<U i ‘wﬂdw
j

or
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o(dU
<a>l<j J>: ai- [Jwivifu.0 V. x.Hdvdy

(74)
”w{ —fuoV, WX t)}dde

The next term qu)i of (70) can again be written in two different forms: Using Equation (41), we have
F<V2®i>=FJ fo (v X’t)<vz‘bi‘\lf>d\|! =FJ o (; x,t)<V2cDj ‘w>%dw
=Fjaj [ i fo (w; x.0(V20 |y [dy - Fjw. v (fo(ws x.0(V20 |y))dy  (75)

I\v.{ (f¢(w,xt)<FV2®,\w>)}dw

Note that (see Appendix B): I [\V, fo (W; X t)<V2®J ‘wﬂdw 0.

Or we can stralghtforwardly wrlte its mean as

(V20 =T V2(®;)= FVZHW,qu,(v v 1) dVdy
= [[wi[T V2 fu o, w; x.0) dvdy (76)
= [[rLwi fu o Vv xHdvdy

Where L(wyj) is defined as

\|/iV2 fu D _ \Viv2 fo

L(yi) = (77)
fu.o fo
Equation (76) can be further manipulated as
r(v2e;) FHL(WJ) fu.o (Vs xO— Vi vy
Vi
- rjj (wiLw) fu o (V.w: x.0)dVdy
(78)
-rf jw. (L otV m)avdy
=—rjjw. (L foo vy x) dvay

Note that (see Appendix B): FJJ \y, L(vj) fuoV,w; X t))dde 0.
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The reacting source term is readily available via Equation (42),

<Si(d)1q)2 ...®n)> :J fo (y; X, 1) <Si|\|l>d\|l=j fo (y; X’t)<sj‘w>%dw
J

J—(w.fcp(w,xt)< ,|w>)d\v f\v. (fcp(\u,xt)< J|\,,>) (79)

f\v.{ (fo(ws x.HSj w1y - \Vn))}d\lf

0
Note that (see Appendix B): | ——( i fo (w; X,0)(Si|w)|dy=0.
j oW j ( : < ] ‘ >)
Another expression for the reaction source term can be obtained as

(Si(@1®y @) = [ [Si(wiy--wn) fu oV, w5 X, dVdy

(80)
”\v.{ (Sjw-wn) fu oV, w; X, t))}de

Note that (see Appendix B): II \y,S (yry---yn) fu oV, y; X t))dVd\y =0

4.2 Traditional Species PDF Equation

Collecting terms factored by y; from Equations (71), (73), (75) and (79), and following the
procedure similar to the construction of the velocity PDF equation, we obtain the species PDF equation:

%m%(fd )= (o ((r2esly) +simy--v)) (81

By using Reynolds decomposition u; =U;j — <Ui > , Equation (81) becomes

g ()5 rel(rveulv) sl

Equation (82) is also exactly the same as the traditional species PDF equation derived by Pope (Ref. 1),
which contains two conditional means from the convection term and the molecular diffusion term. These
terms were considered as unknowns and were modeled empirically.

4.3  Conservational Joint Species-Velocity PDF fy o(V,y; X,t) Equation

Alternatively, by collecting terms factored by y; from Equations (72), (74), (78), and (80) , we obtain
the following equation:

v o Mu.o 0 0
— +V; — = TL(y;)f —— | f S: 83
o 7, 8\Vj( Wifuo) aw,-( U.oSj(WIv-yn)) (83)

NASA/TM—2010-216368 17



Equation (83) is in closed form. They can be reduced to the marginal species PDF fq (y; X,t) equation
by integrating over the velocity sample space V;. The result is

of of
g (tefuilv)) =5 (T L fo) o (oSivn) 69

In Equation (84), there is an unavoidable conditional mean due to the convection term that involves both
the velocity and the species. The conditional mean of fluctuating velocity conditioned on ®@; =,
Uj ‘\y , is unknown and must be modeled.

Now let us return to the subject of joint PDF. Equation (83) is derived from the species diffusion
Equation (70), the two source terms on the right hand side represent the molecular mixing of “species”
and the chemistry reaction, respectively. We also have to consider the contribution from the Navier-
Stokes equations, which can be obtained in a way similar to that leads to Equation (65):

an 10 of u.® 0 0 Pjg (V)
— +Vi——=———(VvL(V;)f +— fi 85
p o, an( Vi) U,(D) EYA U, (85)
The terms on the right hand side of Equation (85) represent the molecular mixing of “momentum” and the
pressure source. Therefore, the joint species-velocity PDF fy, ¢, (Vi,yi; X;,t) equation should include all
source terms on the right hand side of Equations (83) and (85), i.e.

anQ) afuq) 0 0 Pjg(v)
—+Vj——=— vL(Vj) f +— f
o oy av,-( Vo) il p O°

(86)

0 0
_M(F L(W])fU,(D)_%( fU,(DSJ(WIW\Vn))

It is easy to verify that the joint PDF f ¢ Equation (86) can be reduced to the equations for the marginal
velocity PDF fy and the marginal species PDF fg by integrating over the corresponding sample space,
and the results are the same as the Equations (65) and (84). It is also easy to verify that Equation (86) can
deduce the exact equations for the first moments <Ui >, <<Di ) and higher order moments <q)iCD j >, <Ui(D j > ,
etc.

The functions involved in Equation (86), i.e., L(Vj), Pjg (V), L(wyj) are all known and given by
Equations (66), (68) and (77):

Vi Viiye V) V2

L(Vj)=
. fuo fu
g 1 [PMfue] 1 [PMfy]
= & fu o ox
U, j U j (87)
lP(V)Z— ViVj asz,Cbz_ViVj 82fU
P V2 fU,(I) aXian V2 fU aXian
.V2f 2
Ly =00 WiVl

fue fo
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The Following two relations, which are similar to Equation (12), are also useful:

fU,(D ﬁxj fU aXJ

DjVi)=
(88)
Dy =i Tue _vi do
) fU,(D an fq) an

The solution of Equation (86) should be able to calculate all one-point statistics for the velocity and
species, for example, (Ui >, (CDi >, <UiU j >, (UiCDi >, <®1<D2 > , etc. We can also calculate other turbulent

OXi OX OXy  OXg

&jj» &, €o,, , the pressure transport and the pressure strain correlations, etc. For example,
an ouU j an oU j
Sij =V —
OXy OX OX OX
oD, 00, oDy \ /0D,
Ep, = r —
" OXy  OX OX OX

(pui)=(PUi)=(P){Ui), (psij)=(PSij)—(P)(Sij)

i 0U; oDy 0D
quantities, such as <8U' J > , < n__1n >, <PUi > and<PSij > , which are related to the dissipation rate

and
<%%>:”ka)ok(vj>fu,® 0V =] Dy (V) D (V) fy 0V
k OXk (89)
<5a%k”%cfk”>=ijk(wn)Dk(wn)fu,q> dVdy = Dy (wn)Dk () fo dy
(PUI)= [ [P(V)Vi fy o dVdy = [ PV)V; fy dV
(90)

(PSi) =5 J[(PO(D3 04+ By v)) 0 )dVely = [ (POV)(D; V) + By v))) Ty v

5.0 Concluding Remarks

We have constructed a set of conservational PDF equations directly from the Navier-Stokes equations
and the species diffusion equations through the use of some sufficient but not necessary conditions.
Therefore, in theory, they are neither general nor unique. However, all these PDF equations are in closed
form. They are able to deduce the exact transport equations for the first moment and all higher order
moments. This feature has not been observed from any other existing modeled PDF equations. For
example, the modeled traditional PDF equations can deduce the first moment equation correctly, but not
for the higher order moments.

In this study, we have also defined a few functions, for example, Dj(Vj), L(Vj), Dj(®j), L(Dj)
and Pig (V), they may be viewed as the models for the conditional means of VU;,V2U;, V®; , V2d;
and VP . These functions may be used to calculate other turbulent quantities of interest.
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Future work includes further testing of the present conservational PDF equations for their application
in the area of CFD and the development of conservational filtered density function (FDF) equations for
compressible turbulent flows.
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Appendix A.—Fine Grained PDF, Velocity and Species PDF Equations
A.1  Transport Equation for Fine Grained PDF f '(V; Xx.t)
According to Pope (Ref. 1), the fine grained PDF f '(V; X,t) is defined as

f'(Vix)=8(U(xt)-V) 1)
Taking the following operations,

of _of" Ui _ _ 9
ot U, at oV, ot oV

Ao fpd)
ot

S , (92)
of _of oui_ ot oV __ 9 | Ui
OX i oU; ox i oV ox i oV OX i
We may form an identity equation for the fine grained PDF:
iJrUji:_i f' %+Uj% (93)
ot OXj oV ot OXj
Inserting the Navier-Stokes equation into Equation (93), we obtain a transport equation for the fine
grained PDF:
' ' 21
i_}_ujaf_:_i f' _la_P+V aU' (94)
ot OX i oV p OXj OX jaX i

A.2  Transport Equation for Velocity PDF fy(V; x,t)

Now, taking mean on Equation (94) we will obtain a transport equation for the velocity PDF. First
taking mean on the left hand side of (94),

CRMEATR

o o e e
a ’ r r 8 ’ ' ’ I
=—j5w V) fu (V3 x,)dV +—j5(v —V)V fy (V5 x,tdv (95)
ot an
_ oy (Vix.h) 4V, oy (Vs x,0)
ot 5Xj

To explain the way of taking mean on the right hand side of (94), let us first take the mean on
f'an/axj' ,1.e.
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< '%>: lim <5(U(x,t)—v)Ui(X+AXj’t)_Ui(X’t)>
AXj
(96)

= lim <8(U (X’t)_V)Ui (X +ijat)_6(u (X,t)—V)Ui(X’t)>
AXj—)O AXJ

Now the first term on the R.H.S of (96) involves a two-point correlation between the fine grained PDF at
the point X and the velocity at the point X+ AX; , which needs a two-point PDF to express the correlation.
As an approximation (or modeling) for this two-point correlation at the limit AXj — 0, we express it with
the one-point PDF as follows

<8(U (x,t)—V)Ui(x+ij,t)> =j8(v' “V V(XA D AV (97)

Then Equation (96) becomes

. SV =V )V, fy (V' x+Ax;,t) =8(V =V Vi fy (V';x,t) |
EUAT. (V' =V Vi fy v D=3(V =V Vi fy (v ) v
AXj—0 AX; ©8)

. (vi fu (Vs x+a%),0) -V f“(v;x’t)j:vi ofy (Vi x,)

AXj—0 AXj OXj

We note that Equation (98) itself is not exact correct due to the assumption made in Equation (97). On the
other hand, the following integral equation is exactly correct:

(3

This illustrates that the model (98) is just a sufficient condition for Equation (99) to be satisfied.
Equation (98) also directly suggests

),

OX i

Using the same procedure to carry out the mean on the right hand side of (94), we may obtain

2 2
o (i, 20 ) o f Pwd, Vo, (101
oV, P OX; OX;0X; oV, P OX OX;0X;

Therefore, we obtain a closed velocity PDF equation:

V>fu(\/;x,t)dv =a<ui>=jvi My Vs X0 4, (99)
an an

fu aXJ

>=vi LM (190

. A2
oty oy 0 (_ PV)fy | Vid ij 102)

ot loxg Vil p ax oxjox;

Note that the conditional means appeared in the traditional PDF equations (Pope (Ref. 1)) are related to
the terms on the right hand side of Equation (102). For example,
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2. 21]. - A2
f,vaa Ui\ (s i |\ _ Vid*fy
Xjan anGXj GXJ‘@X]

This indicates that the conditional mean is

2, 2
<v oy, V>: via—fU (103)
OX OX; fu OX;0x,
Similarly,
<16_PV>=1M (104)
o) aXi o] fU 6Xi

It is clear that these conditional means are actually the functional forms for V2U; and VP in the sample
space V . Let us denote them as L(Vj) and Pig (V) , then the velocity PDF equation can be simply written
as

X!
oty V_afu i[_wfu +vL(Vi)fuJ

+Vj—=-
ot an oV (105)
1 o[P(V)fy V2§
Pig(\m:——[ ], L(V) =V —
fU 6xi fU

Now, let us apply the fine grained PDF to the Poison equation of P(X,t), which will lead to a functional
form of P(V):

o2U:U
l<f'vzp>:_ A | (106)
p 6Xian

The operation of the above mean, under a similar assumption made in Equation (97), gives the following
equation for P(V)

v2PWfy]_ ., 22y

— 107
P ! axian ( )

A.3  Transport Equation for Joint Species-Velocity PDF f, o(V,y; X,t)

Similar to Equation (94), the transport equation for the fine grained species PDF
f'(y; X,1) =8(D(X,t) —y) is

— j___
ot an oV

! ! 2M-
o U of S — £'Sj(D D, -) (108)
anGXj

Analogy to the derivation of velocity PDF equation, we may construct the following species PDF
equation:
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of
E‘DJF%( fo <Uj|\|/>) =—a%li(1" L(wi) fo = Si(wivz ) fo)

fo

(109)

L(yi) = vi

It should also be recognized that the conditional mean <V2(I)i ‘\p> appearing in the traditional PDF
equation is represented by L(yj) here in Equation (109). Finally, Equations (105) and (109) will lead to a
joint species-velocity PDF equation as the following:

Mo , duo o P%V) o
— +Vj e e f +vL(V;)f ———(TL(y;i) f -S: Y 110
ot J an Y uo TV Vi) u,o P i( (vi)fu.o i(wiya ) U,d)) (110)
Where,
1 0|PMfyoe V21, V21,
)= L lapau Tl oy Dl
fu.o i fu.o U0
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Appendix B.—Miscellaneous Formulations

In the derivation of PDF equations, the following relationships have been intensively used. The proof
of Equation (111) has been described by Pope (Ref. 1). The same procedure can be followed to prove
Equation (112).

a . . [
Ia_v,-( fu (V; XA V))dV =0 (111)

Where A (V) is a vector function of sample space variable V, and it has a finite mean.

[ fo v x DA )]y =0 (12)
v

Where Aj(y) is a vector function of sample space variable y , and it has a finite mean.
Therefore, the following integrations are all zero:

Ii _1oP
6VJ P an

L% v [PV) fu Vi x.0])dV =0
p OV
J

V>fU(\/;x,t)VinV=0

f-utssnly oo o
J

_éjﬁ(vi PP (V) fu (V: X,0))dV =0.
J

o
vja—vj(vi L(Vj) fu (V3 x,0))dV =0.

ARRU——

Jj%(WiSj(WIW‘“Wn) fu.o (V. w; %,0))dVdy =0
J
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